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Abstract: Arrow proposed a set of conditions for a functioraggregate ordinal preferences of the
members of a group, proving that it was not possiblsatisfy all these assumptions simultaneously.
Later, Keeney adapted these conditions and proppseddinal utility axiomatization for the problem
of aggregating the utility functions. This work clisses the condition of nondictatorship. It propose
a stronger formulation for this condition and presethe corresponding characterization of group
cardinal utility functions.
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1 Introduction

This work focuses on the possibility of buildinggeoup utility function. There are several proposals
axioms for characterizing such a function (e.grgdayi (1955), Keeney and Kirkwood (1975), Dyer and
Sarin (1979), and Harvey (1999)). We focus herparticular on Keeney’s (1976) group cardinal utilit
axiomatization, which translates to utility theotlye conditions put forward by Arrow (1951) for
aggregating individual rankings into a social raugki

The contribution of this work is to revisit andmtrpret the condition of nondictatorship put foreva
by Arrow, in a way that makes it more consistenthwviommon understanding of what is a dictator. A
stronger condition will be proposed and the comesiing new characterizations of group utility
functions are derived.

2 Arrow and Keeney’s Results

Arrow (1951) addressed the problem of aggregahinmdividual rankingsR; (i=1,...,N) into a group
ranking R. Arrow defined that these binary relations sholkd weak orders. The desideratum for an
aggregation method would be to obtain a social iR also connected and transitive. This method
should satisfy five seemingly reasonable conditiddsiversality, Positive association of social and
individual values, Independence of irrelevant aliives, Citizens’ sovereignty, and Nondictatorship
Keeney (1976) formulated a group cardinal utilitxiomatization for certain and for uncertain
alternatives. Keeney considered a set of carditifitias u(a) concerning individuals indexed Hy
(i=1,...,N) and alternatives indexed kpyj=1,...,M) and proposed five assumptions parallel to Arrow’s
conditions that a group cardinal utility functiog = u(uy,...,uy) should be consistent with. Two main
results were proved. In the case of certain altemes ug is consistent with those five assumptions if and
only if du/dy > 0, fori=1,... N, and the inequality is strict for at least tws. In the case of uncertain
alternatives (aggregation of von Neumann-Morgensgapected utilities), to be consistent with theefi
assumptionsis needs to be a linear combination of individuditytfunctions:

N
u(uy,....un) = 2 KU @)
i=1
with k > 0, fori=1,... N, and the inequality is strict for at least tits. Thek's are scaling coefficients
associated with the individuals.
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3 Strengthening the nondictatorship assumption

Arrow’s nondictatorship condition states that “Td¢eial welfare function is not to be dictatoriakihere
dictatorial means “that there exists an individustich that, for alh and b,a P, b impliesa P bregardless
of the orderingsRy,...Ry of all individuals other than, where P is the social preference relation
corresponding t&,,...Ry.” Arrow (1951, p.30). If individual is a dictator theR = R.

Keeney (1976, p. 142) formulated by analogy a naatbrship condition (Assumption B5) stating that
“There is no individual with the property that wieser he prefers alternatieeto b, the group will also
prefera to b regardless of the other individual's utilities”sAn the previous case, this implies that if
individuali is a dictator then the group ranking providedupyoincides with the ranking implicit ia.

The nondictatorship conditions of Arrow and Keegewsider that a dictator is an individual so powkerf
that for any conceivable pa@&,p) in the space of alternatives (not necessarilyatdieal alternatives that a
group of individuals is considering), if the didat(an individuali) deems thaa is preferred td, then
this yieldsa P bfor the group, no matter how closéa) andu;(b) are.

Consider for instance thais follows the additive model (1), irrespective ofncerning certain or
uncertain alternatives. Let us also assume thlbfing a usual convention):

N
Oi,u; 0[0d].k; = 0andY k; =1
i=1
Let us take an example in which an individuallj has a scaling coefficient arbitrarily closeltd; = 1-
¢ for a small positive quantity (Table 1). Individual 1 is not a dictator in Kegiee(1976) sense. Indeed,
no matter how smaklt is, we can conceive two alternatives such th#b)>us(a), despiteu;(b)<u,(a).
E.g., ifuy(a)=c andus(b)=c-¢, thenug(b)-ug(a)=e>>0.

Table 5. Example.

Individual 1 Individual 2 ... Individuadi
u(a) w(a) 0 0
u,(b) uy(b) 1 1
i 1'8 k2 kN

Supposek;=0.9990,k,=ks=0.0005. Individual 1 could argue he is not a datdbecause, for instance, if
uy(a)-uy(b)=0.0001, then individuals 2 and 3 could still mdka winner (namely i,(a)=us(a)=0 and
ux(b)=us(b)=1). However, this explanation would hardly cormérindividuals 2 and 3. A common sense
reasoning that can lead to the sentiment that itdal 1 is a dictator is that it is very easy fomho
impose a winner, regardless of the utilities ofadiler individuals. For instance, if there are téralatives

a, b, c, andd, and individual 1 declares, e.agi(a)=1, uy(b)=2/3, u;(c)=1/3, u,(d)=0, then he would
impose the rankingbcdto the group.

This reasoning acknowledges the possibility oftetr@ misrepresentation, but in a way that makes it
more difficult to accept socially than what is uspaonsidered in voting theory. In voting theory a
method is said to be subject to strategic vote nif irmdividual might get some benefit by voting
strategically. Nevertheless, the fact that an iildial might benefit does not guarantee he will lfiigne
this would require knowing the preferences of tiigep individuals in advance, and knowing whether
these other individuals would also vote strategjcal

The type of strategic misrepresentation that wesesek to prevent is arguably much more cruciahéo t
acceptability of a group aggregation model: no viatlial should be able to indicate his (possibly
misrepresented) preferences in a way that it gteearthat his preferences are reproduced by thegro
regardless. We next propose a condition to avaiti su‘strategic dictator”.

Condition IIW (Immunity to imposition of a winner by an individiu

There is no individual with the property that he @adicate preferences (possibly acting strategically) in
a way thaguaranteeghat the top alternative in the group’s rankinghaf alternatives coincides with the
individual’'s preferred alternative, regardless Ibbéher individual's preferences.
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4 Axiomatization

Since the individual’s utilities can be arbitrarfigaled, we will consider they lay on the [0,1Eimal. Let
ug(u;,0,) denote the group utility of an alternative thasutility u; for individuali and utility zero for all
other individuals. Letig(u;,1.;) denote the group utility of an alternative thashutility u; for individuali

and utility one for all other individuals. The foling propositions characterize a group utility dtion

that satisfies Keeney’'s assumptions plus Conditidh

Proposition 1 A group cardinal utility function over certaintainatives with utilities in [0,1] is
consistent with Assumptions B1-B4 and IIW if andyoifi du/dy > 0, fori=1,... N, with the inequality is
strict for at least twai's (Keeney’s Theorem 1), and there is no individuaich that

Ug(1;,05) > ug(0;,1,).
Sketch of proofif i's preferred alternative ia and he states;(a)=1 and for allbza statesu;(b)=0, then
us(a)>ug(b), even if all other individuals=i stateu;(a)=0 and for albza stateu;(b)=1. Keeney’'s Theorem
1 yields B1-B4.

Proposition 2 A group cardinal utility function over uncertaaiternatives with utilities in [0,1] is
consistent with Assumptions B1-B4 and IIW if andyaifit has the form (1) ang, > 0, fori=1,...,N, and
there is no individual such that

ki>ki+...+ ki +ke +..+ K
Sketch of proofsimple corollary of Prop. 1 applying (1) togethath Keeney’s Theorem 2.

5 Concluding notes

We introduced a concept of dictator that is monesgzient with the common understanding of that term
and derived new conditions for a group utility ftion. An extension to address the concept of immpsi
a ranking is in progress.

Acknowledgments. This work is supported by FEDER/COMPETE grants NUTA/0066/2009,
MIT/SET/0014/2009, and PEst-C/EEI/UI0308/2011.

References

Arrow K. (1951),Social Choice and Individual Value¥ohn Wiley and Sons, New York.

Dyer J., R. Sarin (1979), Group preference aggregatiles based on strength of prefereddanagement Science
25, 822-832.

Harvey, C. (1999), Aggregation of individuals’ pnefece intensities into social preference intenStcial Choice
and Welfarel6, 65—79.

Keeney R. (1976), A group preference axiomatizatwih cardinal utility, Management Scien@&8, 140-145.

Keeney R., C. Kirkwood (1975), Group decision makimng cardinal social welfare functionslanagement
Science22 , 430-437.

Harsanyi J. (1955), Cardinal Welfare, Individuatiskthics, and Interpersonal Comparisons of Utilitgurnal of
Political Economy63, 309-321.



