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Abstract. We analyze the shape semiderivative of the solution to an asymptotic nonlinear
adaptive elastic rod model, derived in Figueiredo and Trabucho [Math. Mech. Solids, 9 (2004),
pp. 331-354], with respect to small perturbations of the cross section. The rod model is defined by
generalized Bernoulli-Navier elastic equilibrium equations and an ordinary differential equation with
respect to time. Taking advantage of the model’s special structure and the regularity of its solution,
we compute and completely identify, in an appropriate functional space involving time, the weak
shape semiderivative.
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1. Introduction. In this paper we consider a sensitivity analysis problem in
shape optimization: the calculus of the derivative of the solution to an asymptotic
nonlinear adaptive elastic rod model, with respect to shape variations of the cross
section of the rod. More precisely, for each small parameter s € [0,6] we define a
perturbed adaptive elastic rod Q, = @, x [0,L]. The scalar L > 0 is its length,
and ws = w + sf(w) is a perturbation of a fixed cross section w, in the direction
of the vector field § = (61, 63), that realizes the shape variation. To each rod Q
we associate the corresponding unique solution (u®,d®) of the asymptotic adaptive
elastic rod model, derived in Figueiredo and Trabucho [7]. The purpose of this paper
is to compute the limit (”:—“, ds;d), when s — 0%, where (u,d) is the solution’s
rod model for the case s = 0. This limit is the semiderivative of the shape function
J:s €0, = J(s) = (u®,d®), at s = 0 in the direction of the vector field 6 (in
the sense of Delfour and Zolésio [5, p. 289]), or equivalently, the material derivative
of the map J at s = 0 (in the sense of Haslinger and Mé&kinen [8, p. 111]).

The difficulties that arise in the computation of the limit (“—:“, dss_d), when s —
07T, are caused by the complicated form of the asymptotic adaptive elastic rod model
derived in Figueiredo and Trabucho [7]. In fact, this is a simplified adaptive elastic
model, proposed for the mathematical modeling of the physiological process of bone
remodeling. It couples the generalized Bernoulli-Navier elastic equilibrium equations
with an ordinary differential equation with respect to time, which is the remodeling
rate equation. This latter equation expresses the process of absorption and deposition
of bone material due to external stimulus (cf. Cowin and Hegedus [3] and Hegedus and
Cowin [9] for a description of the theory of adaptive elasticity, Cowin and Nachlinger
[4] for uniqueness results, and Monnier and Trabucho [10] for existence results of three-
dimensional solutions). For each s € [0, 6], the pair (u®,d®) is the unique solution of
this asympotic adaptive elastic rod model, where u® is the displacement vector field
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of the rod Q, and d° is a scalar field that represents the change in volume fraction
of the elastic material (from a reference volume fraction) in the rod Q4. Moreover,
u® is the solution of the generalized Bernoulli-Navier equilibrium equations, and d*
is the solution of the remodeling rate equation. In addition, u® and d® are coupled
in the model because the material coefficients depend on d° and the remodeling rate
equation depends on u°.

In spite of this complex structure, we are able to compute the limit (“ST*“, @)
when s — 07. There are two main results in this paper, which lead to this limit’s
computation. The first principal result states that, for each time ¢, the sequence
(“s;“, db;d)(.,t) converges weakly to (u,d)(.,t), when s — 0%, in an appropriate
functional space of Sobolev type. (We denote by (u®, d*) the solution of the perturbed
rod model, formulated in the unperturbed fixed domain Q, which is the domain of
(u,d).) The second main result identifies the weak shape semiderivative denoted
by (@, d); it is the unique solution of a nonlinear problem which couples a variational
equation (whose solution is %) and depends on (u, d) and d, and an ordinary differential
equation with respect to time (whose solution is d) that depends on (u,d) and 4.

The reasonings that we have used to achieve these two results are next sum-
marized. We show that the sequences (u®,d®) and (“S_“, dss_d) are bounded in ap-
propriate functional spaces, involving time; we use the continuity, the ellipticity, the
regularity properties, and the special structure of the asymptotic adaptive elastic rod
model. In order to identify the weak shape semiderivative we also apply the weak
and/or strong convergence of the sequences {u®} and {d*}, when s — 0T, and again
the special structure of the asymptotic adaptive elastic rod model. In particular, due
to the form of the remodeling rate equation, we are able to use the integral Gron-
wall’s inequality, which is the key to obtaining the estimates for the sequences {d*}
and {%} and to identifying the ordinary differential equation with respect to time,
whose solution is d.

Finally let us briefly explain the contents of the paper. After this introduction,
in section 2, we describe the problem Py, which is the asymptotic nonlinear adaptive
elastic model for the perturbed rod €,; we also prove a regularity property of its
solution, and finally we describe the shape problem that we want to solve. In section
3 we reformulate the problem P, in the unperturbed domain €; this reformulation is
necessary because, in order to compute the limit of the quotient sequence (“:“ , dss’d ),
the vector fields u?®, u, d*, and d must be defined in the same fixed domain, independent
of s. In section 4 we prove that all the sequences {u®}, {d*}, {“=}, and {£=2} are
bounded in appropriate functional spaces involving time; we determine, for each time
t, the weak limit of the quotient sequence (%, ds;d)(.,t) when s — 01; and we
identify the weak shape semiderivative (this identification is summarized in theorem

4.11). Finally we present some conclusions and future work.

2. Description of the problem. In this section we first introduce the notation
used in this paper; namely, we consider a family of rods Qs = W, x [0, L], with length
L and cross section wg, parameterized by s € [0, 6], which is a small parameter. Next,
for each s, we describe the adaptive elastic rod model denoted by P, derived by
Figueiredo and Trabucho [7]. We prove a regularity result for the displacement vector
field us, the first component of the solution (us,ds) of Ps. Finally, we describe the
shape problem under consideration in this paper.

2.1. Notation. Let 6 > 0 be a small parameter, and for each s € [0,6] we
consider the perturbation I, of the identity operator I in R?, defined by I(xq,x3) =
(I + 80)(w1,22) = (251, Ts2), for all (z1,72) € R?, where § = (01,0:) : R?> — R? is a
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vector field regular enough (at least § € [IW2°°(R?)]?). Let w be an open, bounded,
and connected subset of R?, with a boundary dw regular enough. For each s € [0, ]
we define wy; = I (w), which is the perturbation of w in the direction of the vector
field #. We also denote by €, the set occupied by a cylindrical adaptive elastic rod,
in its reference configuration, with length L > 0 and cross section w,, that is, 0, =
ws x [0, L] = I(w) x [0, L] C R3. Moreover, we denote by s = (251, Ts2,73) a generic
element of Q, and define the sets I'y = Qwyx |0, L[, Tyo = @s x {0}, D5y = W, x {L},
and I'yg 1, = ['soUl's 1, where Ows is the boundary of w,. These last four sets represent,
respectively, the lateral boundary of the rod €, and its extremities. We assume that,
for each s € [0,6], the coordinate system (O,xs1,Zs2,23) is a principal system of
inertia associated with the rod €2;. Consequently, axis Ox3 passes through the centroid
of each section wy x {73}, and we have fws Te1 dwg = fws o dwg = fws To1Zso dwg = 0.
(We observe that the choice of the vector field 8, which realizes the shape variation
of the cross section w, must be admissible with this condition.)

The set C™ () is the space of real functions m times continuously differentiable
in Q4. The spaces W™4(€,) and W%9(Qg) = L9(£2;) are the usual Sobolev spaces,
where ¢ is a real number satisfying 1 < ¢ < oo and m is a positive integer. The norms
in these Sobolev spaces are denoted by ||.|lym.a(q,). The set Ry = {vy € R : v, =
a+bAx,, a,b€ R3}, where A is the exterior product in R3, is the set of infinitesimal
rigid displacements. We denote by [W™4(£2,)]3/R the quotient space induced by
the set R in the Sobolev space [W™9(£)]3.

Throughout the paper, the Latin indices 4, j, k, [, ... belong to the set {1,2,3};
the Greek indices «, 3, f,... vary in the set {1,2}; and the summation convention
with respect to repeated indices is employed, that is, for example, a;b; = Z?Zl aib;.

Let T > 0 be a real parameter, and denote by ¢ the time variable in the interval
[0,T]. If V is a topological vectorial space, the set C™([0,T];V) is the space of
functions g : t € [0,T] — ¢g(t) € V such that g is m times continuously differentiable
with respect to ¢. If V is a Banach space, we denote by ||.|[cm([o,r];v) the usual
norm in C™([0,T]; V). Moreover, given a function gs(zs,t) defined in Q, x [0, T], we
denote by g, its partial derivative with respect to time and by 0sn9s and 03gs its
partial derivatives with respect to xs, and x3; that is, g5 = %, Osals = (%’;, and

— 9gs
8398 = Oz5°

2.2. The adaptive elastic rod model. Figueiredo and Trabucho [7] have ap-
plied the asymptotic expansion method to the three-dimensional adaptive elasticity
model derived by Cowin and Hegedus [3, 9], with the modifications proposed by Mon-
nier and Trabucho [10], for a thin rod whose cross section is a function of a small
parameter and for a three-dimensional remodeling rate equation depending nonlin-
early or linearly on the strain tensor field (cf. also Trabucho and Viano [11] for an
explanation of the mathematical modeling of rods with the asymptotic expansion
method). They have obtained a simplified adaptive elastic rod model, which is desig-
nated in what follows by the asymptotic adaptive elastic rod model. This is a system
of nonlinear coupled equations, which includes generalized Bernoulli-Navier equilib-
rium equations and a simplified remodeling rate equation. For any perturbed rod €
(with s € [0, ¢]) and for the case where the original three-dimensional remodeling rate
equation depends linearly on the strain tensor field, this system is defined as follows:

us = (Us1, Us2, usz) : Qs X [0,T] = R3,  dg: Q4 x[0,7] >R,
Use 1 [0, L] X [0,T] — R,

Usg = Uy — TsaO3Usq and w4 :[0,L] X [0,7] — R,
(us,ds) satisfies the following;:

(2.1)
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[ Equilibrium equations in (0, L) x (0,T)
[ _63 (ls (ds)83ﬂ53 — €sa (ds)833usa>
= fwﬁ ¥s(&s0 + Pn(ds)) fs3 dws + faws gs3 dOws,

I a33( - esﬁ(ds)aiiﬂsg + hsaﬂ (ds)833uso¢)
= f Vs st + P (d )) Jsp dws + faws gsp dOws
L +f s583 Vs §€0+P (ds)) fs3l dws"’faws xsﬁa&gsBdaws» g=1,2,

Boundary conditions for {Z3} x (0,T), with T3 =0, L
(Ls(ds) D313 — €5a(ds)D3usa ) (T3) = [, hs3(T3) dws,
(esp(ds)Dauys — hsap(ds)Da3usa) (T3) = [, s hsa(T3) dws,
93 (es5(ds) O3ty — hsap(ds)Iz3usa ) (T3)
= f _hsp(T3) dws _fau Ts39s3(T3) dOws
f 755 Ys(Es0 + Pp(ds)) fs3(T3) dws,
Remodeling rate equation
ds = c(dy)ess(us) + a(dy) in Q% (0,7),
o(ds) = Aap(ds) 2220 4 Agy(d,),

b3333 (d.

L ds(xs,O) = ds(xs) in ﬁs-

(2.4)

The unknowns of the model (2.1)—(2.4) are the displacement vector field us(zs,t),
corresponding to the displacement of the point z, of the rod Q, at time ¢, and the
measure of change in volume fraction of the elastic material (from the reference volume
fraction &59) ds(zs,t) at (zs,t). In particular, ess(us) = Osusz = J3lgz — Tsa033Usq
is an element of the linear strain tensor field (e;;(us)), which depends on us.

On the other hand, the data of the model (2.1)—(2.4) are the following: the open
set 25 x (0,T); the density s = -y of the full elastic material, which is supposed to be
a constant independent of s; the reference volume fraction of the elastic material £,
which belongs to C1(€2,) for each s; the body load fs = (fs;) such that f; € C*([0,T))
and depends only on ¢; the normal tractions on the boundary g, = (9si) and hg =
(hsi); the initial value of the change in volume fraction d, which belongs to C°(2,);
the truncation operator P,(.); and the coefficients ls(ds), €sa(ds), hsap(ds), c(ds),
a(ds), Aap(ds), Ass(ds), baggg(ds), and bsss3(ds), which are all material coefficients
depending upon the change in volume fraction d;.

On these data we also suppose further conditions, which we will describe next.
We assume that, for each s € [0,6], 0 < €71 < £o(xs) < €79 < 1 and the normal
tractions verify

(2.5) gsi € CH[0, T); WI=YPP(Ly)),  hg € CH[0,T); WYPP(DyUT,L)),

with p > 3. In addition, we assume that the resultant of the system of applied forces
is null for rigid displacements; this means that, for any vs = (vs;) in R, and for all
te€0,17,

(26) / 7(550 + ,P??<d8))fsivsid$s + / gsivsidrs + / hsivsidFSO,L =0.
QS Fs FSO,L
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The truncation operator P, is of class C'! and satisfies 0 < # < (£50+Py(ds))(z5) < 1
for all z, € Q, where 7 > 0 is a small parameter.

The coefficients bags3(ds) and bssss(ds) are continuously differentiable with re-
spect to d, and are elements of the matrix (b;;x:(ds)), which is the inverse of the ma-
trix defined by the three-dimensional elastic coefficients (c;;i(ds)) of the rod €, that
depend on dg through truncation and mollification (cf. formulas (47)—(48), Figueiredo
and Trabucho [7]). The coefficients A,g(ds), As3(ds), c(ds), and a(d) are remodeling
rate coefficients and are continuously differentiable with respect to d.

Moreover, bagss(ds) and bgssz(ds) belong to the space C1([0,7]; C1(R3)) when
ds € CH([0,T);C°(Qs)) (cf. Monnier and Trabucho [10, p. 542] and also formulas
(47)—(48) of Figueiredo and Trabucho [7]). In addition we also assume that there
exist strictly positive constants Cy, Cs, C3, C4, C5, and Cg independent of s and ¢
such that for any (z4,t) € Q4 x [0,7)

1
2.7 0<Ci <——<(Cy Vse]0,6],
27) P bszsz(ds) — 2 0.}

(2.8)  le(ds)| < Cs, la(ds)] < Cy, |c'(ds)| < Cs, [d(ds)| < Cs Vs € [0,0],

where ¢/(.) and o'(.) are the derivatives of the scalar functions ¢(.) and a(.). We
remark that the assumption (2.7) is a direct consequence of the definition of bz333,
and also a consequence of [10, Lemma 1, p. 542]. The assumption (2.8) can be proven
using exactly the same arguments of this Lemma 1, supposing that ¢(ds) and a(ds)
depend on dg through truncation and mollification.

The coefficients I(ds), €sa(ds), and hgqp(ds), which depend on bzsss(ds) (cf. for-
mula (49), Figueiredo and Trabucho [7]), are functions of x3 and ¢, and are defined
by

1 T Tl
2.9 15:/ — duws, em:/ Y e, R :/ _sasB g
29) w, D3333(ds) w, D3333(ds) g w, D3333(ds)

The variational formulation of the equilibrium equations (2.2) is obtained by mul-
tiplying the first equilibrium equation (2.2) by v,3 € W12(0, L) and the second and
third equilibrium equations by w1 v51 and x2 vs2, respectively, with vsg € W2(0, L),
for 8 = 1,2, and subsequently integrating in (0, L) and using the boundary conditions
(2.3). Thus, the asymptotic adaptive elastic rod model (2.1)—(2.4) is equivalent to
the following nonlinear (variational and differential) system (P;) (cf. formula (56) of
Figueiredo and Trabucho [7]):

[ Find wug:Q x[0,7] = R® and d,: Qs x[0,7] = R:
us(-, 1) € V(£)/Rs

(Ps) as (s, vs) = Ls(v ) Yus € V(Q2s)/Rs,

ds = c(dy)ess(us) +a(ds) in Qg x (0,7T),

do(2s,0) = dy(zs) in Q.

The space V(Qs) = {vs € [WH2(Q4)]3 1 eap(vs) = e35(vs) = 0} is identified with
{05 = (s 002, 0,3) € V220, L) x WE2(0) 1 vsa(ws) = vsals),

(2.10)
Vs3(Ts) = Vy3(23) — T5aO3vsa(23), vy € WH2(0, L)},
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and the quotient space V(£,)/Rs is the following set:
(2.11) {vs =y tatbAzy: 2 € V(Q), a€R3, b= (by,bs,0) € R3}.

The bilinear form as(.,.), depending on the unknown d,, is defined in V(Q2,)/Rs by

1
(212)  ay(zs,04) = / () ess(0)dD Yz, vs € V(Q4)/Re,
. b3333(dy)

and L4(.) is a linear form also defined in V(€25)/Rs such that Ls(vs) is equal to

(213) /Q 7(550 + Pn (ds)> fsi Vsi dQs + /

Gsi Usi dFs + / hsi VUsi dFsO,L-
Fs

Tso,L
We remark that in (2.11) we must have b3 = 0, because otherwise the quotient space
V(Qs)/Rs would not be contained in V' (£2,). In fact, developing vs = zs+a+bAxs, we
have for the first component vs1 = 251 + a1 + baxs — bsx s, for the second component
Vsa = Zs2 + az — bixz + bsxsy, and finally for the third component vsy = 2.5 —
Zsq032saq + a3 + b1xso — baxs. Therefore if by # 0, then v ¢ V(Qy), and if b3 = 0,
then (b1, b2,0)Azs = (ngg, —b1x3,b1252 —baxs1) and we obtain vs1 = zs1 +a1 +boxs,
which depends only on x3, vso = zs2 + as — byxz, which depends only on x3, and
Vg3 = Ugq — T5003Vsq With v 4 = 2,5 + a3, which depends only on x3.

By the following Korn-type inequality in the quotient space V' (€25)/R s (cf. Ciarlet
[1] or Valent [12]) we have

(2.14) 3e> 00 Josllfvra, e < clless(vs)lizq,),
where
(2.15) ||633(US)||2L2(QS) = Cs\|83253||2L2(0,L) + </ xiadws> ||333”sa||2L2(0,L)a

with ¢; = [meas(ws)]%7 since e33(vs) = O5053 = O30V,3 — 54 0330sq. Hence, we conclude
that [les3(.)|z2(q,) is a norm in the space V' (£2s)/Rs, equivalent to the usual norm
induced in the quotient space by ||.|jw1.2(q, 3. Moreover, V(€2s)/R is a Hilbert space
with the norm |le33(.)| z2(q,), and the bilinear form as(.,.) is elliptic in V' (2,)/Rs. In
fact, there exists a constant C' > 0 such that

(2.16) { 0a(04,0) = foy, 5ty €33 (vs) €as(vs) d2 > Ctlesa(vs) 32
- C’1||Us||%/(gs)/ns > C’Hvs||[2W112(3,2S)}3 Yo, € V(Q)/Rs,

where C is the constant defined in condition (2.7).

For each s € [0,6], there exists a unique pair (us,ds) solution of the asymp-
totic adaptive elastic rod model Py, which verifies us € C*([0,T]; V(2s)/Rs) and
ds € CL([0,T); C°(Qy)) (cf. Theorem 6, Figueiredo and Trabucho [7]). The next the-
orem states a regularity result, concerning the component solution ug, that will be
important in section 4. In order to prove it, we introduce the following notation:

Zs3 = lsa?)QS?, - esa833usou ZsB = hsaﬁa?)Susa - 63683ﬂ53;

(2.17) Fas = /w Y(&so + Py(ds)) fs dws + / gs3 dOws,

s Owsg

Foo— fws v(€s0 + Pn(ds)) Jsp dws + faws 9sp dOw
50 + fws Tsp3 05 ['7(550 + Pn<ds)> fs3] dws + was Tsp a3953 daws,
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where z,; € C1([0,T]; L?(0,L)), Fy; € C([0,T); L*(0, L)), for i = 1,2,3, and the
matrix M,

ls —€s1 —€s2
(2.18) My=| —eq har has | € CH0,T];[CHR)P).
—es2  hen hsa2

THEOREM 2.1 (regularity of us). Let (us,ds) be the unique solution of problem
(Ps). We assume that the determinant of matriz M is not zero, det My # 0 (for
example, if bazzz(d®) = ¢, where ¢ is a constant, then det Ms > 0). Then, for each
t € [0,T], usp(.,t) € W32(0,L), ug(.,t) € W>2(0,L), and consequently us(.,t) €
[W22(Q)]°.

Proof. We first remark that the equilibrium equations (2.2) can be written in the
form

(2.19) —(93 Zs3 = FS37 (933 ng = Fsg, fOl“ ﬁ = 1, 2,

and for each t, Fi3(.,t) and Fss(.,t) belong to the space L?(0, L).

Since 2,3(.,t) belongs to L2?(0,L), and because of the first equilibrium equa-
tion in (2.19), 93 zs3(.,t) also belongs to L?(0, L), so we conclude that, for each t,
zs3(.,t) € WH2(0,L). For each t, zs5(.,t) € L?(0,L) and consequently 95 z55(.,t) €
[W12(0, L)]’, where [W12(0, L))’ is the dual of W2(0, L). But from the second equi-
librium equation in (2.19) we have that ds3 zs5(.,t) € L?(0, L) and also 933 25(.,t) €
(Wh2(0,L)]" because L(0,L) C [W2(0,L)]’. Thus, as a consequence of a lemma
of Lions (cf. Ciarlet [2, p. 39]) we have 05 zs5(.,t) € L?*(0,L). Hence the elements
zs(.t), O3 255(., 1), and 53 z55(., t) belong to the space L?(0, L), which means that
ng(., t) € V[/2’2(()7 L)

Therefore, assembling these properties, we obtain for each ¢ and for 6 =1,2

(2.20) 2e3(., ) = pas(., 1) € WH2(0, L), 2s5(t) = psp(., 1) € W2(0, L),

where p,; is a primitive of Fl;, in the distribution’s sense in W2(0, L), for i = 1,2, 3.
Replacing zy; by its definition (2.17), the system (2.20) is equivalent to the following
system:

ls —€s1 —€s2 83ES3 Ds3
(2.21) —es1 hsi1 heia O33ts1 | = | Ps1
—es2  hsa1 heao O33Us2 Ps2

With the assumption det M, # 0, we clearly obtain, by solving (2.21), that
(2.22) Dsugs(.,t) € WH2(0,L),  Os3usp(.,t) € WH(0,L), for B=1,2.

We remark that the regularity indicated in (2.22) depends also on the regularity of
the elements of M, that belong to the space C'([0,T]; C*(R?)).

Thus we conclude that the components usg(.,t) € W32(0, L), for 8 = 1,2 and
ugs(.,t) € W22(0, L), and consequently, because us = (us1, Usa, Uy — Ts503 Usg), We
have us(.,t) € [W22(Q4))3. O

2.3. The shape problem. We now consider the shape map J defined by
J: [0,8] — CN[0,TV(Q)/Rs) x CH([0,T];C0(9s))

2.23
( ) S i J(Qs) = (usuds)7
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where (us,ds) is the unique solution of the nonlinear asymptotic adaptive rod model
P; (cf. (Py)), defined in the perturbed rod Q. As remarked before, the unknowns u,
and d are coupled in the model P and depend on (x4, 1).

We recall that I (w) is a shape perturbation of the cross section w of the rod
Q =wx|0, L], so Q is a shape perturbation of the rod ; that is, Q, = I,(w) x [0, L] =
(I+s0)@) x [0,L] and Q =w x [0, L] = Io(@) x [0, L] = Q.

The aim of this paper is to compute the shape semiderivative dJ(£2;6) at s = 0 in
the direction of the vector field 8. This semiderivative is defined by (cf. Delfour and
Zolésio [5, p. 289])

(2.24) dJ(;0) = lim J(Q) —J(Q) _ ( T —u’ lim ds —d>7

s—0+ S s—0t S s—0t S

where (u,d) is the solution of problem (P) but for the unperturbed rod Qo = Q =
@ x [0,L]. We also remark that the semiderivative dJ(£2;0) is equivalent to the
definition of the material derivative of the map J at s = 0, in the sense of Haslinger
and Mékinen [8, p. 111].

As explained in section 4, Theorem 4.11, it is possible to compute and to identify,
in a weak sense and in an appropriate product space, this shape semiderivative.

3. Equivalent formulation of the adaptive rod model. In order to be able
to calculate the shape semiderivative (2.24) we must reformulate, for each s, the
problem P (cf. (P;)) in the domain Q x [0, 7], independent of s. Therefore we first
formulate in 2 all the forms involved in the definition of problem P,. Afterwards, we
describe the resulting rod model, denoted by P? (with upper index s) and formulated
in the fixed domain Q x [0, 77, that is equivalent to Ps (with lower index s).

3.1. Reformulation of the forms defining P;. We define the map
(3.1) Qs(x1, 12, 3) = (21 + 501 (21, 22), 22 + s02(z1, 22), 3),
which verifies
(3.2) Q= Qs(Q) and detVQ, =1+ sdivl + s* det V0,

where the matrices V@, and VO are the gradients of Qs and 6, respectively, and
div 8 = 0,0, is the divergence of 6.

To each function v, defined in Q5 we associate the corresponding function v*® (with
upper index s) defined on by v® = vs 0 Q5. Hence, for any vy € V(;)/Rs, the
correspondent v* is in V(2)/R (whose definition is (2.11), with s = 0). Moreover,

(3.3) 33(Vs) = 03033 — Tsa033Vsa = 0303 — (T + 504) 03305
. = agyg - Iaaggvg — S 904833’02 = 633(’08) — Seaaggvg.

Using (3.2)—(3.3) and the change of variables formula for domain and boundary in-
tegrals (cf. Delfour and Zolésio [5, pp. 351-353]), we get the next expression for

as(us,vs),

1
(3.4) / m(egg(us) —s GaagguZ) (633(05) — s@aaggv(i) det VQ,dS2,
Q
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and for L,(vs) the expression

(3.5) Jo (&6 + Py(d®)) f7vf (det VQ,) dQ + [ g5 vi [(Cof VQs) ' nlrs dT
' + Jryor, Bivi [(Cof VQo) nlps d(To UTL).

n (3.5), |.|rs is the Euclidean norm in R3, n = (ny,n2,n3) is the unit outer normal

vector along the boundary 99 of €2, and (Cof VQ,)T is the transpose of the cofactor

matrix of VQs, that is, (Cof VQ,)T = (det VQ;)(VQs)~T, whose definition depends

only on s and the partial derivatives of §. Developing (3.4)—(3.5), we obtain the
following decomposition for the equation as(us,vs) = Ls(vs):

(3.6)
ad(u®,v®) + saf(u®,v®) + s2a§(u®,v®) + s3aj(u®, v*) + saj(u®, v*)
3 { F§(v°) + G3(v°) + Hij (v°) + 5 (Ff (v°) + G5 (v°) + Hi (v°))
2(F5 () + G3(v°) + H3(v°)) + s* (F5 (v°) + G5(v®) + H5(v°)).
The bilinear forms af(.,.) for i = 0,1,2,3,4 depend on 0 and d* and are defined by

the formulas

ds2
b3333 ) ————e33(u)es3(v)d,

+ e33 (u)633 (U)le 0:| dQ,

b3333 ds 633 (u)egg(v) det VO + 904 9,(3 aggua 833’05

{ b — 0 (e33(u)D33v0 + €33(v)D33uq)
3333

(diV 9) 0, (633 (u)aggva + 633(1})833ua):| dQ,

(d ){9 05033003305 div 0

aj(u,v) = /Qb3333
— (det V@) 0. (633 (U)@ggva + 633(71)833“@)} an

7

. 1
as(u,v) = /Q e [% 05 D330 D330 det ve] 4

for any pair (u,v) in the space V(Q)/R. The linear forms F{, F}, Fy, and F§ depend
on 6 and d® and are also defined in the same quotient space V(§2)/R by the following
expressions:

F(v) = /Q (€ + Py(d®)) (2 v + f5 1) A2

Ff(v):/ (65 + Po(d)) [ (/3 va + f503) divO = f3 0o Dyva | d2,
(3.8) °

F;(U):/Q (€5 + P, (d)) [fava+fgv3 ) det VO — f5 0, 3gvadlv9} o,

Fi(v) = — /Q V(S + P (d®)) £5 O D304 det VO .
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The linear forms G§, G{, G5, G5 and Hg, HY, H5, Hj result from the change of
variable in the boundary integrals (defined in I’y and in I’y U I's,, respectively) and
depend on 6 and n (the unit outer normal vector) but are independent of d*. These
forms are defined by the following expressions, for any v in the space V(Q)/R:

/ 95 Vo + g5 vg) dT,

(
[ 95 Vo + g5 v3) G1(0,1n) — g5 0, 6311(1} dr,
(3.9) {

ﬂ\_}\

95 Vo + g3 v3) G2(0,n) — g5 04 O304 G1(0, n)} dr

Gi(v) = —/Fg§ O O304 G3(0,n)dl,

where G1(0,n), G2(0,n), and G3(6,n) are bounded scalar functions of § and n and
H§(v) :/ (hgvaJrhgyg,) d(ToUTy),
I'gul'y

Hi(v) = / (5, va + B 03) 1 (0) = B 0 B3va ] d(To UTL),
(3.10) Foule

H(v) = |18, v+ 5 03) Ha(0) = 1§ 00 Ova Hy (6)| d(To UT L),

S—

Toul'y

H3(v) = — /F 150, 00, Ha0) (T UT),
oUl'L

where H;(0) and H3(6) are bounded scalar functions of 6.

3.2. The problem P, formulated in Q x [0, T]. As a direct consequence
of (3.6) we can formulate, for each s € [0, ], the problem (P;) in the fixed domain

Q x [0,T), as explained in the following theorem. The new equivalent problem is

denoted by (P?), with upper index s.

THEOREM 3.1 (problem (P*)). For each s € [0, 6], we assume that d*(x,0) = d(z)
in Q, and d is independent of s. Then, the problem (P?®), for s # 0, is equivalent to
the following problem (P®) posed in the domain  x [0,T] independent of s:

[ Findu®: Qx[0,T] = R> and d*:Qx[0,T] - R such that
u®(.,t) € V(RQ)/R,
ad(u®,v) + saj(u®,v) + 52 aj(u®,v) + % a3 (u®,v) + st aj(u®,v)
= F§(v) + sF (v) + s F3 (v) + 5° F5 (v)
(3.11) + G§(v) + s G5 (v) + s2 G5 (v) + s* G5(v)
+ H§(v) 4+ s Hi (v) + s> H3 (v) + s* H5 (v) Yo e V(Q)/R,

ds = c(d®)ess(u®) + a(d®) — sc(d®)0a053us, in Qx (0,T),

| d*(x,0) = d(z) in Q,

where the sets V(Q) and V(Q)/R are defined by (2.10) and (2.11), for s = 0. We
also denote by (u,d) the unique solution of problem (P*%) for s = 0; that is, (u,d) is
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the solution of the following problem (P°) (cf. (Py), for the case s = 0), formulated
in Qx[0,7T]:
[ Findu:Qx[0,7] - R> and d:Qx[0,T] =R such that
u(-,t) € V(Q)/R,
(3.12) ap(u,v) = Lo(v) = Fy(v) + Go(v) + Ho(v) Yo e V(Q)/R,

d=c(d)ess(u) +a(d) in Qx(0,T),
d(z,0) =d(z) in Q,

where ag(.,.), Fo(.), Go(.), and Ho(.) are independent of s and are defined by

ap(z,v) = /QWi(d) es3(z) es3(v)dQY  (ao(.,.) depends on d),

Fy(v) = /Q’Y(fo + Py(d)) (fava + favs)dQ  (Fo(.) depends on d),
(3.13)
GO(’U) = /F(ga Vo + g3 QS.) drv

Hy(v) = /1“ . (ha Vo + hgys) d(TyUTL) Vz,veV(Q)/R.
oUl'r

4. Calculus and identification of the shape semiderivative. In this section

we first present some preliminary estimates, which prove that the sequences {(u®,d*)},
{es3(u®)}, and {(“S—*“, %)} are bounded, independently of s, in appropriate func-
tional spaces involving time. These results guarantee the existence, for each ¢, of
a pair (@,d)(.,t), which is the weak limit of a subsequence of {(“;“, dss_d)(.,t)}
when s — 07. Moreover, using the regularity of u®, we also show that the sequences
{es3(u® —u)} and {d* —d} converge strongly to 0, in C°([0,T]; C°(Q)), when s — 0F.
These two strong convergences and the preliminary estimates are the key results that

enable us to prove that the weak shape semiderivative (@, d) exists and is the unique
solution of a nonlinear problem.

4.1. Preliminary estimates. We present several estimates that are needed for
the identification of the shape semiderivative.

THEOREM 4.1 (first estimates for the sequences u® and d*). We suppose that the
conditions (2.7)~(2.8) are verified and d(z) € L2(Q); then

(4.1) degy >0 HUS”CO([O’T];V(Q)/R) <ec¢ Vse|0,d],
(42) des >0 HdSHCO([O,T];L2(Q)) <cy Vse€e [0,(5},

where ¢1 and co are constants independent of s.
Proof. The pair (u®,d®) is the solution of problem (P®) (cf. (3.11)); thus for each
time ¢,

4
(4.3) ag(u®, u®) = L*(u®) — Z st as(u®, u®).
i=1
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By the ellipticity of a§(.,.) in V(2)/R (cf. (2.16)) we have for each ¢

(4.4) ag(u’,u®) > C”us('vt)H%/(Q)/R’

where ¢ is a constant independent of s and ¢. From (2.15), for s = 0, we obtain

1033 (. t)ll20,0) < lleas(u® (-, 1) ll2) = w5 ) lvie)y/rs
1053ug, (- t)ll2o,n) < clless(u®(-,8)) L2 = cllv® () lvi)r,

where ¢ is a constant independent of s and ¢. Thus using (4.5), we easily check that

ai(.,.), for i = 1,2,3,4, are continuous bilinear forms that verify, for each ¢,

(4.6) ai(u®,u®) < i [lu (0130 r

with ¢; strictly positive constants, independent of s and ¢, and depending on §. Using
the definition of the linear form L°(.) and (4.5), we also have, for each ¢,

(4.7) LA (w®) < cp [|[v*(, D)llvio)y/r,

where ¢y, is another strictly positive constant independent of s and t. So applying
(4.4), (4.6), and (4.7), we conclude that, for each time ¢,

4
(4.8) (C -y s Ci) 1w (O @)= < crllu® (5D lvie)rs
=1

and we obtain the estimate (4.1), since s is a very small parameter.
Taking now the integral in time in the remodeling rate equation of problem (3.11),
we get

(4.9) d’(z,t) = /0 [c(ds)egg(us) +a(d®) —s c(ds)ﬁaaggufl} dr + d(z).

But as the material and remodeling coefficients ¢(d®) and a(d®) appearing in (4.9) are
bounded (cf. (2.8)), we deduce that

T
(4.10) d* (., D)l 22y < /O {01 1w () lv)r +02} dr + [|d(@)[ L2 ()

with ¢; and ¢ two strictly positive constants independent of s. Therefore and because
of (4.1) we have the inequality (4.2). d

THEOREM 4.2 (second estimate for the sequence u®). We assume that the hy-

potheses of Theorem 2.1 are satisfied, and ml(ds) =b+ O(s), whereb : R - R is a

scalar function independent of s, 0 < |b| < ¢ with ¢ > 0 a constant, and O(s) is a term
of order s (cf. Monnier and Trabucho [10, formulas (6) and (2)], for a justification of
this latter condition on the material coefficient bssss(d®)). Then

(4.11) Je1 >0 ||us||C0([O,T];W2v2(Q)) <c,
(4.12) Jez >0 less(u’) |l coqo,ry;00@)) < 2

where ¢1 and cg are constants independent of s € [0, 6].
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Proof. Using (2.21)—(2.22) (in the proof of Theorem 2.1), we infer that, for each
t, lut (., t)|lwe2) < C(M?®;p5), where M® = M, o Qs, p§ = ps;i © Qs, and C(M?®;p3)
is a strictly positive constant depending on the W12(0, L) norms of the elements of
M? and p. As p; are data of the problem, related to the forces (cf. (2.20)), for
i=1,2,3, and due to the definition of M* and the additional hypothesis for m,
we easily deduce that there exists a constant ¢ > 0, independent of s and ¢, such that
C(M?#;p) < cfor all s €0,6], and therefore we have (4.11).

Also from the regularity Theorem 2.1 we have, for each t,

(4.13) e33(u®) (1) = B5us(, 1) — 23wl (., t) € WH2(Q) N CO(Q)

because dsus(.,t) and Oszus (., t) belong to W12(0, L), which is compactly embedded
in the space C°([0, L]). Hence we get

(4.14)  less(w”) (D)l oy < e lless(u®) (- B)llwreie) < c2 lu’(E)llwe2(9) < s,
where c¢1, co, and c3 are constants independent of s and ¢, and consequently we have
(4.12). O

THEOREM 4.3 (estimate for the sequence %) Let (u®,d®) and (u,d) be the
solutions of problems (P*%) (cf. (3.11)) and (P°) (cf. (3.12)), respectively. We assume
that conditions (2.7)—(2.8) are verified, and, for each s, & = &o, ff = fi, 97 = ¢i,
h{ = h;, where &, fi, gi, and h; are independent of s. Then,

d®—d

S

us —u

(4.15) <

Co([0,T];V()/R)

+021

§ CO([0,T];L2(2))

where ¢1 and co are strictly positive constants independent of s and t.
Proof. In this proof we sometimes write u® instead of u*(.,t) in order to simplify
the notations. For each t € [0, 7], we have

L*(v) = Lo(v)

(4.16) é[as(us, v) — agp(u,v)] = s

Vo € V(Q)/R.

Developing this last equation for the choice v = %

T ) = ) - RO = e,

— M(b%%( ) basss(d) ) e33(u)ess(L5) dQ2

+ 2[aa(45) - ol -]

S =)

=2) 4 Gy + H (25|
)+ Hy()].

Using this last equation, the ellipticity of a§(.,.), and the properties of continuity
of all the other remaining terms in (4.17), we obtain the estimate (4.15). We next
explain these calculations in detail, analyzing (4.17) for each t.

Because of condition (2.7), we have for each ¢,

sfu—u u’—u
ag , >c
s s

=)+ H (Y5) — Ho(*
—4) + G5 () + Hi (&

(4.17)

- ai(usa “

ts [— a3 (u®, K=t) 4 Fy(

)+ G5(

+S2 [—af;(uﬁ u® —u) +Fs(

u® —u 2

(4.18)

(1)

bl

V(Q)/R

S
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where c is a strictly positive constant independent of s and ¢. Using the definitions of
ai(.,.) and the estimate (4.1), we obviously obtain

7
s
u- —u
s s
ai<’u7 s >‘Scai

where c,,;, for i = 1,2,3,4, are strictly positive constants independent of s and t.
Considering now the definitions of the forms F, Gf, and H7, associated with the
applied forces, we easily check that, for each ¢,

(4.20) F? (u S“>+Gf(u Su>+H5 (u Su) <¢

where ¢; are strictly positive constants independent of s and ¢, for i = 1,2,3. In
addition we also have, for each ¢, G§(*=*) = Go(**) and H5(**) = Ho(**).

S S S
Using the mean value theorem for the operator P,, we deduce

(4.19)

V(Q)/R

S

V(Q)/R

L Fs ez - Ry(eize)) |

(4.21) < fﬂ v Pn(d;zzdpn(d) | d"gd| | fa U(,;ua T fy usgﬁz |

<o |E2( ) 2y 12 8) vy R

where ¢ is a strictly positive constant independent of s and ¢. Finally, using the mean
value theorem for the material coefficient bssss(.), the estimate (4.12) for s = 0, and
condition (2.7), we get

| J o055 (5 (0°) by () e (w)esa( 254 d)

(4.22) = ‘ Ja ‘73333(2;_1’;333“15) dss_d (bszs3(d) 53333(d))71633(U)633(us_u) dQ’

S

ds;d(oat)Hm(Q) |

u®—u

<c

()llvir

where ¢, is a strictly positive constant independent of s and ¢. Therefore using (4.17)
and the estimates (4.18)—(4.22), we have, for each ¢,

||usfu

=102

(423) { d’—d u’—u u’—u
< [5G0z ) 5 G )llvieyr + e 5 G ) vi)rs

where ¢, ¢1, and co are strictly positive constants independent of s and ¢. The proof
is finished, dividing (4.23) by c¢|| “:‘“(.,t)HV(Q)/R. O

THEOREM 4.4 (estimate for the sequence g). Let (u®,d?®) and (u,d) be the
solutions of problems (3.11) and (3.12), respectively. We assume that the hypotheses
of Theorem 4.3 are satisfied. Then

d®—d
s

< g,

(4.24) ‘ <
CO([0,T;L2(9))

where ¢ is a strictly positive constant independent of s and t.
Proof. Subtracting the remodeling rate equations of problems (P*) and (PY)
(cf. (3.11) and (3.12)), taking the integral in time between 0 and ¢ and then the
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L?(Q2) norm, using the conditions (2.7)-(2.8) and the mean value theorem for the
terms ¢(d®) — ¢(d) and a(d®) — a(d), we obtain, for each ¢, the estimate

[(d@* = d)(., )l z2(0)
(4.25) < Jn [01 less(u® —u)(.,7) || L2 () + s ca [033ug, (- 1)l L2
+(e2 lleas (@) ()l oo +e3) 1(d° = d)(-ﬁ)”wm} dr,

where ¢y, ca, c3, and ¢4 are strictly positive constants independent of s and ¢. However,

less(u® —w) (D)2 = [[(w* = w) (- Dllve)/r;
(4.26) lless(w) (-, )o@y < co,

033 (- )|l 2 (o) < collessu®(.,t)l| L2 (@) = collu®(, O)llvie)r < ¢
where ¢o is the constant defined in (4.12) for the case s = 0, ¢q is defined in (4.5),
and c is a constant depending on the constant defined in (4.1); these three constants

are independent of s and ¢. So, dividing (4.25) by s, we have from (4.25)—(4.26) and
Theorem 4.3

d’—d
s

d’—d
s

dr,
L2(Q)

T

(4.27) ’

(..t

t
) <cs +/ C
L2(Q) 0

where c5 and cg are strictly positive constants independent of s and t. Then, applying
the integral Gronwall inequality (cf. Evans [6, p. 625]),

d®—d

<ecs(1+tege™?) Yt € [0, T,
s

L2()

(4.28) ' (1)

which implies (4.24). |
COROLLARY 4.5. With the hypotheses of Theorem 4.3,

u® —u

(4.29) Je>0: <c

CO(0,TV(Q)/R)

)

S

where ¢ is independent of s and t.
Thus we conclude that the solutions (u*, d*) and (u, d), of problems (P*) and (P°),
verify for all s € [0, 6]

4’ —d
s

u® —u

(4.30)

< ¢,
CO([0,T];L%(2))

<e¢; and ‘

5 leoqorivi)/r)
where ¢, and ¢y are strictly positive constants independent of s. As a consequence of
this property we state the following theorem.

THEOREM 4.6 (weak limits of the quotient sequences). Let (u®,d®) and (u,d) be
the solutions of problems (P*) and (P°), and assume that the hypotheses of Theorem
4.3 are verified. Then, for each t, there exists a subsequence of {(u®,d®)(.,t)}, also
denoted by {(u®,d*)(.,t)}, and elements u(.,t) € V(Q)/R and d(.,t) € L*(Q) such
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that, when the parameter s — 0,

(4.31) “S;“(.,t) — a(t) weaklyin V(Q)/R,
(4.32) e33 (“;“) (,t) — es3(@)(.,t) weakly in L*(Q),
(4.33) ds;d(.,t) () weakly in L2(Q).

Therefore, when s — 0%, (u® — u)(.,t) converges strongly to 0 in V(Q)/R, and the
sequences esz(u® — u)(.,t) and (d* — d)(.,t) converge strongly to 0 in L*(Q).

We conclude this section with a convergence result concerning the sequences {u®}
and e33(u®), and a corollary about the convergence of {d*}, which will be useful in
subsection 4.2.

THEOREM 4.7 (strong limit of egs(u®)). Let (u®,d®) and (u,d) be the solutions
of problems (P*) and (P°) and assume that the hypotheses of Theorems 2.1, 4.2, and
4.3 are verified. Then there exists a subsequence of {u®}, also denoted by {u®}, that
verifies the following convergence, when the parameter s — 07 :

(4.34) esz(u® —u) — 0 strongly in  C°([0,T];C°(Q)).

Proof. Recalling the definition of u® — u and its regularity (cf. Theorem 2.1),
we have, for each ¢, (uf, — ua)(.,t) € W2(0,L) for « = 1,2 and (u§ — u3)(.,t) €
W?22(0,L). The calculus of e33(u® — u) gives

(4.35) ess(u® —u) = O3(u3 — ug) = O5(us — u3) — Ta033(ul, — Uqa),

where [03(u§ —us3)](.,t) € WH2(0, L) and [933(us, —ua)](.,t) € WH2(0, L), for a = 1, 2.
But, because of the strong convergence of ez3(u® —u)(.,t) to 0 in L?(Q) (cf. Theorem
4.6), and applying the definition of ||ess(u® — u)(.,t)[|z2(q) (cf. (2.15)), we conclude
immediately that, for each ¢, 93(u§ —us)(.,t) and ds3(u?, — us)(.,t) converge strongly
to 0 in L2(0, L). On the other hand, we get directly from (4.11)

lless(u® —u)l[cogo, w2y < [[u® — ullcoqo, ;w220
(436) { (0.T):W2(2)) (0.7 W22(2))

< lw®llcogo, w22 + llullcoqo,rw22@)) < ¢

where ¢ is a constant independent of s. Therefore the sequences 05(uj — ug) and
033(us, — uq) are bounded in C°([0,T]; W12(0, L)), and consequently, we obtain that
O3 (u§ — us3)(.,t) and d33(us, — uy)(.,t) weakly converge to 0, in W12(0, L) when s —
0. But as the space W12(0, L) is compactly embedded in C°([0, L]), we have that
O3(u§—u3)(.,t) and ds3(us,—uq)(., t) strongly converge to 0 in C°([0, L]) when s — 0.
This implies the strong convergence of e33(u® — u) to 0 in C°([0,7];C°(?)). O

COROLLARY 4.8 (strong limit of d®). Let (u®,d®) and (u,d) be the solutions of
problems (P*) and (P°), and assume the same hypotheses of Theorem 4.7. Then there
exists a constant ¢ > 0 independent of s such that when s — 0

(4.37) d*—d — 0 strongly in C°([0,T];C°(Q)).
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Proof. Using exactly the same arguments as in the beginning of the proof of
Theorem 4.4,

(4.38)  |(d® —d)(z,1)| < /O [c1|e?,3(us —w) (@, )|+ ea|(d® — d)(z,7)| + sc?,} dr,

where the constants ¢;, for i = 1,2, 3, are strictly positive constants independent of s
and t, and consequently

|(d* = d)(z, )| < [y e2|(d® — d)(w,7)|dr

(4.39) +T [cl lless(u® = w)llcoo,ry,co@) + 5 €3] -

ps

Because of the strong convergence (4.34), the scalar ¢* — 0 when s — 07. Then
we obtain the convergence (4.37), applying to (4.39) the integral Gronwall inequality
(cf. Evans [6, p. 625]). O

4.2. Shape semiderivatives. The objective of this section is to identify, for

each t, the weak limits (., ¢) and d(.,t) of the sequences {“:“ (.,t)} and {dss’d(., t)},
defined in (4.31) and (4.33). The procedure is the following: we subtract and divide by
s the equilibrium variational equations and the remodeling rate equations in problems
(P%) and (P?), and then we take the limit, when the parameter s — 07. We conclude

that, for each ¢, the pair (u(.,t),d(.,t)) is the solution of another nonlinear problem.

Finally we end up proving that (u,d) is the unique solution of this latter problem in
the space C*([0,T]; V(2)/R) x C1([0,T]; CO(£)).

4.2.1. Weak limit u(.,t). Subtracting and dividing by s the two equilibrium
variational equations of problems (P®) and (PY), we obtain, for each t € [0,T]
(cf. (4.16)—(4.17)),

[ Jo w3 (S )ess (0)dQ

+Jo basso (@) =Pe33 () (b (d°) bazzs () “egs(u)ess(v) dQ
— Fi(v) = Gi(v) — Hi(v)
— Fo(v) + G§(v) = Go(v) + H§(v) — Ho(v)]
(u®,v) + F5 (v) + G5 (v) + H5 (v)]

L +5% [ = a3(v) + F5(v) + G5(v) + Hi(v)] — 5% af(u?, v).

(4.40) )
)

—a

[
[ a;

N ®w

Computing now for each t the limit of each term of (4.40), we obtain the following
theorem.

THEOREM 4.9 (identification of @(.,t)). We assume the hypotheses of Theorems
2.1, 4.2, and 4.3. Then the weak limit u(.,t) of the sequence {“:“ (.,t) verifies the
following variational equation for each t € [0,T]:

(4.41) B(a,v) = S(v)  Yue V(Q)/R.
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The linear form S(.) is defined in V(Q2)/R by

S(v) = f, Vhsss(d) basss(d) " dess(u) ess(v) dQ2
—Jo Wﬁ(d) [ — a(e33(u) 03300 + €33(v) 3310

+ e33(u)ess(v)divf]dQ
(4.42) + Jo v d Pi(d) (fava + f303) dQ
+ fo,7(&0 + Py(d)) [(fa va + f3vs) divl — f30, Osv,] d
+ [5 [(ga va + g3 v3) G1(0,n) — g3 04 O304 dT
+ Jryor, [(hava + havg) Hi(8) — h3 0o 93v4] dUo U T,

with bys33(.) and Py(.) the first derivatives of the scalar functions bszsz(.) and Py(.),
respectively. The bilinear form B(.,.) is defined by

(4.43) B(z,v) = /Q m es3(2) ez3(v) dQ Vz, v e V(Q)/R.

Proof. We give a sketch of the computation of the limits in (4.40), for each t.
The first term in (4.40) verifies, when s — 07,

(4.44) / 1( e (uss_u>633(v)d§2 . / i (@ess(v)do,

q b3333 o bass3(d)

because the sequence 633(“57“)( t) weakly converges to esz(u)(.,t) in L?(Q) (cf. (4.32)),

633( ) ess(v)

and 539 converges strongly to 7220 in L?(9), due to the condition (2.7), the

mean Value theorem for the function
CO([0, T]; CO(Q)) (cf. (4.37)).
The second term in (4.40) converges to

m7 and the strong convergence of d° to d in

(445) / b3333 b3333(d)_2 (1633 (u) 633(1}) dQ,

when s — 0T, because of condition (2.7), the mean value theorem for the function
b3333(.), the condition (4.12) for the case s = 0, the strong convergence of ds to d
in C°([0,T); C°(2)) (cf. Corollary 4.8, formula (4.37)), and the weak convergence of
£=d( 1) to d(.,t) in L*().

For the third term in (4.40), we have that af(u®,v) converges to

(4.46) /Q Wﬁ(d) [ — 0 (e33(u)D33v0 + €33(v)D33uq ) + €33(u)ess(v)div 9} dQ

when s — 07, and Ff(v) + G§(v) + Hj (v) converges to
Jo /(6o + Py(d)) [(fava + f35) div 0 — f3 6, Ogva] 42

(4'47) + fr {(ga Vo + 93 Q?,) Gl(ev 77,) — 930, 33'005} dar
+ froor, [(ha Va + h3 vs) Hi(0) — hs 0a ag,va} Ty UT,.
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To prove (4.46) we remark that, when s — 0T, ||(ess(u®) — es3(u))(.,t)||l12() and
|(d® —d)(.,t)||L2(q) converge to O (cf. Theorem 4.6). To obtain (4.47) we apply the
definitions of the forms FY, G5, Hi and the strong convergence of P,(d°) to P,(d),
when s — 0T, in the space C°([0, T]; C°(Q2)).

The fourth term in (4.40) converges to

(4.48) /deP,’](d) (fava + f33)dQ

when s — 0F. In fact, we have G§(v) = Go(v) and Hg(v) = Ho(v), and
LIRS (0) = Fo(v)| = o 7d Py(d) (fava + f313) d2

(4.49) = Jo | PR (£~ d)

L (PP prg) J} (fava + f3v3)dQ.

When s — Of, ~ W converges_strongly to v Py(d) in C°([0,T]; C° (€)), and,
for each t, =4 converges weakly to d in L?(Q2) (cf. Theorem 4.6, formula (4.33)),
and d (fa va + f3us) belongs to L'(Q). Thus (4.49) converges to 0, for each ¢, when
s—0T.

Finally the last two terms in (4.40) converge to 0 when s — 0T, because those
are composed of bounded terms multiplied by a positive power of s. ]

4.2.2. Weak limit d(.,t). By subtracting and dividing by s the remodeling
rate equations of problems (P®) and (PY), and integrating in time between 0 and t,
we obtain the following theorem.

THEOREM 4.10 (identification of d(.,t)). We assume that the hypotheses of The-
orems 2.1, 4.2, and 4.3 are verified. For each t, the weak limit d(.,t) of the sequence

dss_d(.,t)} is the solution of the following ordinary differential equation with respect
to time:

(4.50) {d:d@m(ﬂd[WWﬂw+ﬂM—dw%@Wm

d(z,0) = 0.
Proof. For any v € L?(Q) and for each ¢, we have

fQ d&s vdfl = fO (fQ [ (d® esg(uss_u) + C(ds)s_c(d) ess(u)
D ()6, D505 | v dD) dr.

(4.51)

On the other hand, for each ¢, and when s — 0%, ¢(d*) converges strongly to c(d)
in C°(Q2), 633(“:—“) converges weakly to ezs (@) in L2(€2), M es3(u) converges
weakly to d c/(d) ez3(u) in L2(Q2), M converges weakly to da’(d) in L?(9), and
O33u?, converges strongly to dszu,, in L?(£2). Hence, we have that, for each ¢t and when
s — 0T, the sequence fQ d%d v d§2 converges to

(4.52) /Q </Ot [C(d)egg(a) +dd(d) ess(u) +da'(d) — c(d) Haaggua} dr) v d§2.

But by (4.33), @(., t) converges weakly to d(.,t) in L?(Q) when s — 0. Therefore
d(.,t) must verify (4.50), since the weak limit is unique. 0
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4.2.3. Final identification result. Assembling the results of Theorems 4.9 and
4.10, we have the next theorem, which completely identifies, for each ¢, the (weak)
shape semiderivatives 4(.,t) and d(.,t).

THEOREM 4.11. We assume that the hypotheses of Theorems 2.1, 4.2, and 4.3

are verified. For each t € [0,T], the weak limit (u,d)(.,t) is an element of the space
(V(Q)/R) x L%(Q) and is the solution of the following nonlinear problem (P):

Findu:Qx[0,T] = R* and d:Qx[0,T] =R such that

a(.,t) e V(Q)/R,

(4.53) B(u,v) = S(v) Yo e V(Q)/R,

d= c(d)ezs(u) + d[c/(d) es3(u) + a’'(d)] — e(d) OaOs3uq  in Q x (0,T),

d(z,0) =0 in Q,

where the linear form S(.) and the bilinear form B(.,.) are defined by (4.42) and (4.43),
respectively. We observe that S(.) depends on (u,d), which is the solution of problem
(P%), and also on d. The bilinear form B(.,.) depends on d, that is, the measure of
change in volume fraction of the elastic material of problem (P°). Moreover, there
exists a unique solution (@, d) of problem (P) such thatw € C*([0,T]; V(Q)/R) and d €
C([0,T);C°()). Consequently, for each t, the entire sequence {(“=%, T=4)(.,t)}
weakly converges to (w,d)(.,t) in the space V(Q)/R x L*(Q) when s — 07. Thus,
there exists the weak shape semiderivative of the shape map J(Qs) = (u®,d*) at s =0
in the direction of the vector field 6 (cf. (2.24)), and it is perfectly defined, for each
t, by dJ(Q;0)(.,t) = (a,d)(.,t), where (@,d) € C*([0,T]; V(Q)/R) x C1([0,T]; C°(Q))
is the unique solution of problem (P).

Proof. The arguments used to prove the existence and uniqueness of the solu-
tion (@,d) to problem (P), in the space C*([0,T];V(Q)/R) x C*([0,T]; C°(Q2)), are
analogous to those utilized in the proof of existence and uniqueness of the solution to
problem (Pg) (cf. Figueiredo and Trabucho [7]) and rely on the Schauder fixed point
theorem. O

5. Conclusions and future work. In this paper we have considered the family

Q, of perturbed thin rods, for s € [0,6], and the corresponding family of solutions

(u®, d*) of the nonlinear asymptotic adaptive elastic model, derived in Figueiredo and
Trabucho [7]. We have proved that, for each ¢, the sequence (“—*, d’=d)(, t) con-

verges weakly to (u,d)(.,t) in the space (V(Q)/R) x L*(Q) when s % 0+, Con-
sequently, for each t, (@,d)(.,t) is the weak shape semiderivative of the function
J(Qs) = (u®,d?) at s = 0 in the direction of the vector field §. Moreover, we have
showed that the pair (#,d) is the unique solution of another nonlinear problem that
couples a variational equation, depending on (u,d) and d, and an ordinary differen-
tial equation with respect to time, depending on (u,d) and u. We intend to apply
this methodology to analyze the weak shape semiderivative of the solution to the
nonlinear adaptive elastic asymptotic model (2.1)-(2.4), but for the case where the
remodeling rate equation (2.4) depends nonlinearly on ess(us) (cf. Figueiredo and
Trabucho [7]). We think that this nonlinear term may generate some difficulties in
proving that the sequence {g} is bounded, independently of s, and subsequently

in the identification of the shape semiderivative.




Downloaded 06/19/13 to 193.137.7.8. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SHAPE ANALYSIS OF AN ADAPTIVE ELASTIC ROD MODEL 173

REFERENCES

P. G. CIARLET, Mathematical Elasticity 1: Three-Dimensional Elasticity, Stud. Math. Appl.
20, North—Holland, Amsterdam, 1988.

P. G. CIARLET, Introduction to Linear Shell Theory, Gauthier-Villars, Paris, 1998.

S. C. CowiN AND D. H. HEGEDUS, Bone remodeling 1: Theory of adaptive elasticity, J. Elas-
ticity, 6 (1976), pp. 313-326.

S. C. CowIN AND R. R. NACHLINGER, Bone remodeling I11: Uniqueness and stability in adaptive
elasticity theory, J. Elasticity, 8 (1978), pp. 285-295.

M. C. DELFOUR AND J. P. ZoLEsIO, Shapes and Geometries, Analysis, Differential Calculus,
and Optimization, Adv. Des. Control 4, SIAM, Philadelphia, 2001.

L. C. EvANS, Partial Differential Equations, AMS, Providence, RI, 1998.

I. N. FIGUEIREDO AND L. TRABUCHO, Asymptotic model of a nonlinear adaptive elastic rod,
Math. Mech. Solids, 9 (2004), pp. 331-354.

J. HASLINGER AND R. A. E. MAKINEN, Introduction to Shape Optimization, Theory, Approxi-
mation, and Computation, Adv. Des. Control 7, STAM, Philadelphia, 2003.

D. H. HEceEDUS AND S. C. COWIN, Bone remodeling 11: Small strain adaptive elasticity, J.
Elasticity, 6 (1976), pp. 337-352.

J. MONNIER AND L. TRABUCHO, An existence and uniqueness result in bone remodeling theory,
Comput. Methods Appl. Mech. Engrg., 151 (1998), pp. 539-544.

L. TRABUCHO AND J. M. VIANO, Mathematical modelling of rods, in Handb. Numer. Anal. 4,
P. G. Ciarlet and J. L. Lions, eds., North-Holland, Amsterdam, 1996, pp. 487-974.

T. VALENT, Boundary Value Problems of Finite Elasticity, Springer Tracts Nat. Philos. 31,
Springer-Verlag, New York, 1988.



